
Strength of Materials

10. Stress state



From internal forces to stress
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Stress – definition
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Stress vector is a measure of internal forces intensity and 

depends on the chosen point and cross section nrp
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Stress vectors:

Stress matrix

i,j = 1,2,3
Components ij of matrix T are called stresses. 

Stress measure is [N/m2] i.e. [Pa]



Stress sign
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Positive and negative stresses

Stress is defined as positive when the direction of stress vector

component and the direction of the outward normal to the 

plane of cross-section are both in the positive sense or both in 

the negative sense in relation to the co-ordinate axes.

If this double conjunction of stress component and normal 

vector does not occur – the stress component is negative one.



Stress transformation
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Stress on inclined plane
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we assume:

then:



Stress on inclined plane – cont. 
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Stress on inclined plane
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Stress on inclined plane – cont.
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On this plane none of the vector 

components are perpendicular nor parallel 

to the plane.         
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We will look for such a plane to which vector      will be 

perpendicular, thus having no shear components.
np





Principal stress
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Seeking are :

3 components of normal vector     :    n


4 unknowns

We will use Kronecker’s delta to renumber normal vector components 𝑛𝑖

etc…

three equations

and a vector 𝑝𝑛



Principal stress – cont.
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  0 jijij n in the explicit form:
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The above is set of  3 linear equations with respect to 3 unknowns ni with zero-

valued constants . The necessary condition for non-zero solution is vanishing of 

matrix main determinant composed of the coefficients of the unknowns.



Principal stress – cont.
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Solution of this algebraic equation of the 3rd order yields 3 roots being real numbers 

due to symmetry of σij matrix

321 ,,  These roots being eigenvalues of matrix σij are called 

principal stresses



Plane stress state
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In the special case of plane stress state
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and:



Principal directions

03/12/2018 Adam Paweł Zaborski 14/22

Now, from the set of equations:
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These vectors are normal to three perpendicular planes. The stress vectors on these 

planes are also perpendicular to them and no shear components of stress vector exist, 

whereas normal stresses are equal principal stresses. 
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Stress ellipsoid
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It can be proved that 𝜎1, 𝜎2, 𝜎3 are extreme values of normal stresses (stresses  on a main diagonal of stress 

matrix) .  Customary, these values are ordered as follows

321  

1

2

3

Surface of an ellipsoid with semi-axis (equatorial radii) equal to the values of principal stresses represents all 

possible stress vectors in the chosen point and under given loading. 



Principal stress – cont.
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With given stress matrix in the chosen point and given loading one can find 3 perpendicular planes such that  

stress vectors (principal stresses) have only normal components (no shear components).

The coordinate system defined by the directions of principal stresses is called system of principal axes.
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Stress on characteristic planes
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Extreme normal and shear stress
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Mohr circles
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Mohr circles

– represent 3D state of stress in a given point – on 

the plane of normal and shear stresses



Mohr circles – cont.
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The stress state in the cross-section is given by the stress matrix: 𝑇𝜎 =
𝜎𝑥 0
0 0

. Determine the stress matrix at 

the same point for a section inclined by 30°.

Solution

the transformation matrix: 𝑎𝑖𝑗 =
cos𝛼 sin 𝛼
− sin 𝛼 cos 𝛼

=

3

2

1

2

−
1

2

3

2

𝜎ξ = cos2(ξ, 𝑥) 𝜎𝑥 + 0 + 0 = 0.75𝜎𝑥
𝜎η = sin2(η, 𝑥) 𝜎𝑥 + 0 + 0 = 0.25𝜎𝑥
𝜎ξη = cos(ξ, 𝑥) sin(η, 𝑥) 𝜎𝑥 + 0 + 0 = 0.433𝜎𝑥

the same with the use of Mohr circles

𝜎𝑥𝜎𝑥
2

𝜏

𝜎2𝛼
𝜎ξ

𝜎η

𝜏ξη

𝜎ξ =
𝜎𝑥

2
1 + 2 cos 2𝛼 = 0.75𝜎𝑥

𝜎η =
𝜎𝑥

2
1 − 2 cos 2𝛼 = 0.25𝜎𝑥

𝜏ξη =
𝜎𝑥

2
sin 2𝛼 = 0.433𝜎𝑥



Example – static boundary condition
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For given stress matrix in the shield, determine the 

volume forces and the loading on the boundary.

Solution

𝑥

𝑦

3

4

from the internal balance (Navier’s) equations:
𝜕𝜎𝑥

𝜕𝑥
+

𝜕𝜏𝑥𝑦

𝜕𝑦
+ 𝑃𝑥 = 0 → 𝑃𝑥 = 5

𝜕𝜏𝑥𝑦

𝜕𝑥
+

𝜕𝜎𝑦

𝜕𝑦
+ 𝑃𝑦 = 0 → −3 + 2 + 𝑃𝑦 = 0 → 𝑃𝑦 = 1

𝑥

𝑦

𝑛(1)

𝑛(2)

𝑛(3)

boundary part (1): 𝑛(0.6, −0.8)
𝑝𝑥 = 0.6 −5𝑥 − 0.8 −3𝑥 = −0.6𝑥
𝑝𝑦 = 0.6 −3𝑥 − 0.8 2𝑦 = −1.8𝑥 − 1.6𝑦

boundary part (2): 𝑛(0,1)

𝑝𝑥 = 0 −5𝑥 + 1 ∙ −3𝑥 = −3𝑥
𝑝𝑦 = 2𝑦 = 6

boundary part (3): 𝑛 −1,0
𝑝𝑥 = 5𝑥 = 0
𝑝𝑦 = −3𝑥 = 0

static boundary conditions: 𝑝𝑖 = 𝜎𝑖𝑗𝑛𝑗

→ 𝑃(5,1)

𝑇𝜎 =
−5𝑥 −3𝑥
−3𝑥 2𝑦

𝑝𝑥

12

2.4

𝑝𝑦
12
6

check: Σ𝑋 = 5 ∙ 6 − 12 ∙ 0.5 ∙ 4 − 2.4 ∙ 0.5 ∙ 5 = 0

body forces length

Σ𝑌 = ⋯ = 0 Σ𝑀0 = ⋯ = 0
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Thank you for your attention!


