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natural cellular materials  (cork,wood)



manufactured honeycombs (metal, paperboard)



 „Honeycomb” cellular structure



Representative unit cell

triangle prism, symmetry: transversal isotropy



Geometry:
0
ib midpoints position vectors
0
ie midpoints position versors ni ....,1=

w ph ,h ,L,H  - geometric structural parameters



Uniform strain states of
equivalent continuum

displacement affinity of nodes
and midpoints



Kinematics

0
0

0 ∆bψ∆∆ +×+= − iii

i∆ - midpoint displacements

0−i∆ - relative displacements in relation to central node
ψ∆ ,0 - nodal rigid motion parameters



 Method of structural mechanics
(displacement method)

plate model

bending
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membrane
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membrane stiffness:  s
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S SE ,ν - skeleton material constants

The aim: force-displacement relations



wall (w) membrane (p)

Microstructural stiffnesses for displacements in the ni direction   i=1,2,3:
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Microstructural stiffnesses for displacements in the ni direction i=4,5:
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wall (w) membrane (p)

Microstructural stiffnesses for displacements in the m direction :
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wall (w) membrane (p)

Microstructural stiffnesses for displacements in the  tau direction :
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Force-displacement relations
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a) uniaxial extension αε  in the direction α , zyx ,,=α .

( ) ( ) αααα εε eeb∆ ⋅= 0
ii .....,1 ni =

b) pure shear αβγ  in the plane αβ , βα ≠ .

( ) ( ) ( ) ( )( )αββααβαβ γγ eebeeb∆ ⋅+⋅= 002/2/ iii .....,1 ni =

a) b)



Hooke's law for anisotropic solid
εSσ o=

S , stiffness tensor ,  1−= SC compliance tensor

Stress tensor definition
for equivalent continuum

dV
V sV

s∫= σσ 1

( )1

i

s
i iV

A
dS

V
= = ⊗∑σ σ t e , i

i
i

Ft A=



Table 1. Elements of stiffness matrix
1111s

nnL ττL
1111 nnL

nnL ττL

s +3s3S = s ,
12H s +s

 
 
 

1122s nnL ττL
1122 nnL

nnL ττL

s -s3S = s ,
12H s +s

 
 
 

1133s
1133 nmL

3S = s ,
3L

3333s
3333 nnH2

2 3S = Hs ,
9L

2323s nmH
2323 nmL

nmL nmH

s2 3S = s .
3 3Ls +4Hs

 
 
 

( )ijkl ijkl w p s sS =S H,L,h ,h ,E ,ν .....



Stiffness tensor for transversal isotropy:
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Young’s moduli
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Shear moduli
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,ξ η - perpendicular directions



Table 2. Geometrical parameters of microstructures

L [m] H [m] wh  [m] ph  [m]

structure a)* 33 10−⋅ 36 10−⋅ 31.0 10−⋅ 30 10−⋅

structure b) 33 10−⋅ 310 10−⋅ 30.5 10−⋅ 30.2 10−⋅

structure c) 39 10−⋅ 36 10−⋅ 30.5 10−⋅ 30.2 10−⋅

structure d) 318 10−⋅ 36 10−⋅ 30.5 10−⋅ 30.2 10−⋅

*a) brak przepony

Skeleton material: aluminium:

 sE 70 GPa=  sν =0.3



Graphical representation of Young’s moduli

a) b)



c) d)



Table 3. Choosen material constants

maxE [MPa] 1G  [MPa] 2G  [MPa] 1ν

structure a)* 41.895 10⋅ 31.359 10⋅ 31.776 10⋅ 0.554

structure b) 41.039 10⋅ 31.348 10⋅ 30.579 10⋅ 0.399

structure c) 34.063 10⋅ 31.598 10⋅ 30.635 10⋅ 0.129

structure d) 33.105 10⋅ 31.446 10⋅ 30.444 10⋅ 0.074



Tension test



Micro-macro transition - relation between macro critical stress
and limit state in skeleton material:

 ( ), , , , , ,s
CR CR w p e s sL H h h R Eσ σ ν=

Table 4. Critical stress in a tension test

Structure a Structure b Structure c Structure d

CRσ 10.12 MPa 9.12 MPa 4.48 MPa 1.17 MPa



Conclusions:

Effective model for cellular materials with closed cells

Advantages:

• macroscopic constitutive model follows readily from the
analytical treatment

• elastic stiffness and initial strength are expressed in terms of
geometric and material parameters of skeleton structure

• possibility to tailor the material to special mechanical
requirements in the elastic range
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